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model?????????????????????? VBS??? [10, 11]?
?????VB????????????????????????????




































































order by uctuation??? Z3??????? Y??up-up-down(uud)??V
??????????????? (? 1.7) [13,14]?
(a) (b)








?? Cs2CuBr4 [19]????????? Ba3CoSb2O9 [20, 21]???? 1/3?
?????????????????????????? J2???????








S = 1=2?????????????????? (triplet)???????
????????????????????? (singlet)????????????
????? [24{31]??????????? Valence bond crystal(VBC) [27]?
Z2???????????????? [29{31]???????????????
?????????  0:05J????????????? [24,25,28,29,31]?
??????????????????????????????????
? [32{34]???????????????????????????????










? 1/9, 1/3, 5/9, 7/9?????????????????????????
????????? 1/3, 5/9, 7/9????????????? [39]????
7/9?????????????????????????????????








? 1.8: S=1/2?????????????????(a) DMRG+SSD? [31]?
(b)??????????? [38]?





???? S = 1=2?????????????????????????















???????MCS????????????J 0=J = 0:5???????
?????????????? order by uctuation????Y??uud??V
????????? [45]?


















J2=J1 > 0:5?????????? J1 ?????? J2 ??????????
???????????? p2 p2??????? Neel????????
O(3)O(3)????????? order by uctuation???Stripe?? (? 1.14
??)??????????????? [46, 47] ?????????????
Stripe??????????????????? [48,49]?J2=J1 = 0:5???






Neel order Stripe Neel 
? 1.14: J1 J2?????????????????J2=J1 = 0:5??????
0.4 ?
J2/J1









???????? J2=J1 = 0:5????????????????????
??????????????????? 1.15?????????????
???????????????????? J2=J1 < 0:4? 0:6 < J2=J1???
???????????????????????????????????
??????????? [50{60]????????????????????







?????????? 1.16????Valence Bond Crystal(VBC)?Plaque-








? 1.16: (a)Valence Bond Crystal? (b) Plaquette Valence Bond Crystal?
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2010?? J. Richter? ? J. Schulenburg???????????????
???????????????? 20  40???????????????
??J2=J1? 0.35?? 0.66???????????????????????
??? a gapful quantum paramagnetic phase ??????????????
???? (? 1.17??) [52]?
2012??Hong-Chen Jiang?????DMRG???????????0:41 
J2=J1  0:62??????????????????????????Z2 spin
liquid??????????????????? (? 1.18??) [54]??????
?? singlet-singlet(???-?????)?? singlet-triplet????-?????
?????????????????????????Lx???????Ly
??????????? Lx = 2Ly???????????DMRG????
???????????????????????????????
? 1.17: J. Richter?? J. Schulenburg??????????????? [52]?
m0?Neel??m1? Stripe???????????????????????
? 1.18: Hong-Chen Jiang???????????????? [54]?????
??????????????
21
??? Shou-Shu Gong????? DMRG?????????? 0:44 <
J2=J1 < 0:5???????????????????0:5 < J2=J1 < 0:61?





























? 1.21: ??????????????????? [64]?H???????
? 1.22: ???????????H   J2?? [64]?S = 1=2????? S = 1
????
?????????
S = 1=2? J1 J2?????????????????? [65{69]????





















??????????????? Sztot = 1????????????? (1.7)
???????????????????????? 1.24????????
ji4spins = j#1 "2 "3 "4 i   j"1 #2 "3 "4 i+ j"1 "2 #3 "4 i   j"1 "2 "3 #4 i (1.7)
??? 1.24???????????????????1, 2, 5???????
???1? 5, 1? 2 ?????????????? (1.7)?????????
???? 1, 2????? "????????? 5?????????????
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???????? 1? 5??????????? 2? 5??????????
????????? (1.7)???????? 1, 2, 3, 4????? "??? 5?






























?????????????????????????? J2? J 02?????


















































?????????????? ; ?????0 <  < ?0 <  < 2???






r1; r2 = 0  1????
 = 2r1
























????? Ein? ~Sz ??????????????????? ~Sx, ~Sy???
??????????????????????????? ~Sy? Sx-Sy??






































P (z) / exp (Kz) ; K = hin
TZ 1
 1
P (z)dz = 1
P (z) =
exp (Kz)R 1
 1 exp (Kz) dz
=
K exp (Kz)







exp (Kz)  exp ( K)










log [exp ( 2K) + f1  exp ( 2K)gF (z)] + 1 (2.4)
??????? F (z)? 0  1????????z????? P (z)?????
????????????????????????????????? ~S?
?????????????????





log [exp ( 2K) + f1  exp ( 2K)g r2] + 1
~Sx =
q
1  ( ~Sz)2 cos
~Sy =
q
1  ( ~Sz)2 sin (2.5)
???????????????????????S??????
Sx = ~Sx cos cos!   ~Sy sin! + ~Sz sin cos!
Sy = ~Sx cos sin! + ~Sy cos! + ~Sz sin sin!





















r = 0  1???
r < exp (4E4)? (2.7)

















m =??????MC????? = 2 105  4 106?
M =?MC????? = 1 106  1 107
Nrp =??????? = 64  80
Nex =?????????MC???????? = 32














v1 =?????? 0?????????? (2.8)
do i = 1   
do j = 1; i  1
vi = vi   (vi  vj)vj (2.9)
enddo
vi )???
wi = Hvi (2.10)
do j = 1; i
Mji = vj wi (2.11)
enddo
Ms = mins (2.12)
r =Ws  minV s (2.13)
if(jjrjj < ) then











M : i? i?????????
V  (v1;v2;    ;vi)













M = V W = V HV




q  V s ; p  Ws
p = Hq ; min = q
Hq
r = Hq   minq (2.16)
??? (2.14)??????? v? V s?????Ws???????????
1?????????????? (2.15)??? T ?????????????
???????????????????????????????????
????????????????





(H   EminI)x = 0 (2.18)

















1 =?????? 0?????????? (2.19)
v
(1)
2 = 0 ; v
(1)
3 = 0 (2.20)







3 ??????) V (2.21)
W = HV (2.22)
M = V W (2.23)
Ms = mins (2.24)
r =Ws  minV s (2.25)









































2 ); ?i = 2?
(v
(i)









1 =?????? 0??????????)??? (2.30)
v
(1)
2 = 0 ; v
(1)







2 = 0 ; w
(1)
3 = 0 (2.32)
do i = 1   
M = V W (2.33)
B = V V (2.34)
Ms = minBs (2.35)
r = Ws  minV s (2.36)


























3 ); (i > 2) (2.41)
w
(i+1)



















3 ); (i > 2) (2.45)
enddo
???????????? (2.35)???????????????? V ??
?????????B????????????????????????






















1   v(k)k ???????????? (2.46)
w
(k)
1   w(k)k ???????????? (2.47)
do i = k   
M = V W (2.48)
B = V V (2.49)
Ms = minBs? (2.50)
r = Ws  minV s (2.51)



























1 ;    ;v(i+1)k ) (2.57)
w
(i+1)



























????????????????????? 2.2????? 4  6 = 24site
? S = 1=2??????????????Sztot = 0? Sztot = 1??????
??????????????????????????? (k=10)????
(k=5)?LOBPCG? (k=3)????????????? (k=10)??????
















































Davidson(restart k = 10) 
? 2.3: ????????LOBPCG???????????????????
????? (Sztot = 0)?????? (?)?????? (?)?????
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Davidson(restart k = 10) 
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? 2.4: ????????LOBPCG???????????????????








? 2.5???? system block? environment block?????? superblock
??????????????????????????????????






??????? j i???? (h j i = 1)??????
system block environment block
|i? | j?
superblock
? 2.5: system block ? environment block ?????? superblock?
?? j i????????????????????m < I; J ???m??
???? system block ? environment block ??????????????










??? jui ? jvi ??????? (huju0i = ;0)?????????? 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? 1  m??????j i? jui? jvi??????????


















j i   j ~ i2 (2.68)




















????p = min[I; J ]????dk???  ???????????????











































































 = UD2UT (2.76)
???????D?????? dk?????????????U ?? (2.71)
????????????? (2.76)??????? U ????? UT ???
???
UTU ? = D2 (2.77)
?????????????? ????????????????????
?m?????????????? (2.64)???????????????







 ij ij =
pX
k










?????? TEm????? truncation error ????????
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2.3.3 DMRG??????
???????DMRG?????????????????? S = 1=2?
????????????????
????
? 2.6???? l1  l4?????? superblock?????????????
????????????????????? (1st step)? superblock???
?? 26site? spin?????????l1? l4? 12site???????? 26site
??????????????? l2? l3? "; #????????? S = 1=2
?????????? system block???????? (2.64)???????
?m?????????????????????????????????
?? system block ????????????????????????Szi ?
S+i ????????????????system block? environment block? l2





























end ???? system block ????????????1 sweep??????
?????n sweep (n>1) ? environment block ???? n-1 sweep ????

























2nd sweep 1st step
2nd  sweep end




















???? SSD?????????????? (2.80)???????? (2.81)









































?????????????m? J1 J2????????? 500  10000?

















???????????????? J (1)1 = J (2)1 ; J (1)2 = J (2)2 = J (3)2 = J (4)2 ?
J1 J2?????J (1)1 = J (2)1 = J (1)2 = J (3)2 ; J (2)2 = J (4)2 = 0?????????
???????J (1)1 = J (2)1 = J (1)2 = J (2)2 ; J (3)2 = J (4)2 = 0?????????
??????????DMRG+SSD?????????DMRG??????
?Lx?????????? (OBC)?Ly?????????? (PBC)(???

















































0.5 1.0 2.01.5 2.5 3.0 3.5 4.00
h/J1
4.5
Lx =16(OBC), Ly =6(PBC)














????? 2 10 5??????????????? 5 10 6???????
????????? (?? J2=J1  0:575??)??????????????
???????????????????????????????????
????????????????????????(? 3.23.5??????
???)?? 3.23.6? J2=J1 = 0:45  0:7???????????????
??? p-10? p-12??????????????? p-14? p-16?????
???????????????????????????????????
???????????J2=J1 = 0.45, 0.675, 0.7?????????????
?????????????????? J2=J1  0:45? J2=J1  0:675???
???????????????????????????????????





































































































































































??????????????? J2=J1 > 0:5??Neel? (Canted Neel??
????????????Neel??????)?J2=J1 > 0:675?? Stripe?
(Neel????)????????? (? 1.22??)????????????




????????????????? (h < 2)?Neel?? Stripe?????











h/J1 = 1.5 h/J1= 1.5
h/J1= 3.9 h/J1= 4.0
J2/J1 = 0.55 J2/J1 = 0.6

















? 3.8? J2=J1=0.55,0.6? <Si Sj>?????????????????













p-12????????? p-12? J2=J1 = 0:57  0:6?DMRG???????
??????????????????????????????????
???????????????? PVBC???????????????















h/J1 = 0.0 h/J1 = 0.0






? 3.8: <Si Sj>????????????????????????


























? 3.9: ???????? J2=J1????????????????DMRG?
???m????
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???????????J2=J1 = 0:525; 0:55; 0:65?? uuud????????
????? 3.11??????????????<Sxi Sxj +Syi Syj >?<Szi >?
????????Sz???????????? up-up-up-down??????










h/J1 = 2.3 h/J1 = 2.2





















???? Sz??? Stripe???????????? Stripe??Sxy? Stripe)
???????????????????????????????????








h/J1 = 3.6 h/J1 = 3.6



















?????????Neel??? Stripe??? uuud? (???Y-like??)??
????? 3.13???????????????????????????








DMRG+SSD???? S = 1=2? J1 J2???????????????




??????????????????????J2=J1  0:5? Neel???
PVBC??????J2=J1  0:61? PVBC?? Stripe??????????
?????????DMRG???????????????????????
???????????????????????????????????


























???????????????? J2=J1 = 0:5?????MCS??????
?????????????????????? 3.17??????????






DXSxyA  XSxyB E (3.2)
mxyStripe = CxyStripe
DX Sxya +X Sxyb  X Sxyc  X Sxyd E (3.3)
mxyuuud = Cxyuuud
DX Sxya  X Sxyb  or X Sxyc  X Sxyd E (3.4)
muuud = Cuuud
DX Sza  X Szb or X Szc  X SzdE (3.5)
??? SxyA ;SxyB ?????A?B???? (? 3.15????)???? xy??







??????? 3.19????????? 3.20??????????? 3.18?
(1)(4)?????????????????????L?????????









































































































































































1 2 3 4 5 6 7 8
h/J
1
































1 2 3 4 5 6 7 8
h/J
1




??MCS??????????????? 3.223.26???? Sx   Sz ?



















 = 1.0  T/J
1
 = 0.04 S 
x



















 = 2.0  T/J
1
 = 0.02 S 
x



















 = 2.6  T/J
1
 = 0.02 S 
x



















 = 3.8  T/J
1
 = 0.05 S 
x



















 = 4.4  T/J
1
 = 0.04 S 
x

































































?????????????????? 0, 1/9, 1/3, 5/9, 7/9???????
?????????????????????????????










??? PBC(??????)????????? (4.2)? Lx = 12?Ly = 6 ?
Lx = 16?Ly = 8???? (N = 72; 128)????????????????
??0, 1/2 ??????????????????????????????
???????????Lx = 16?Ly = 8????? 1/4?????????












0.5 1.0 2.01.5 2.5 3.0 3.5 4.00
h/J
Lx =12(OBC), Ly =6(PBC)




???????????????? 4.3????0, 1/4, 3/8, 1/2, 3/4??
???????????????????????????????????




?? hc1 hc2 width
0 0 0.6 0.6
1/4 1.2 1.8 0.6
3/8 1.85 2.0 0.15
1/2 2.15 2.75 0.6






















4.2.1 0, 1/4, 1/2, 3/4???????
?????? 0, 1/4, 3/8, 1/2, 3/4?????????????????
? 0, 1/4, 1/2, 3/4???????????????????????? 4.4
????????<Si Sj >?<Szi >???????SSD????????
???????????? 6  6site??????????????????
? p-14????????(a)(d)????????????????????










h/J = 0.0 h/J = 1.3
h/J = 2.3 h/J = 3.9
(a) (b)
(c) (d)




?????????????????? 1/4?????? (b)????Sz4spin 
0 ? 1 ????? Plaquette??????????????????????
1/2?????? J1 J2?????????? uuud???????Sz4spin 
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0 ? 2 ?????Plaquette?????????????? 3/4??????







???????????????? 4.5?<Si Sj >?<Szi >???????
?????????Plaquette??????????????????Sz4spin 
















? 4.6??????????????????? A? Sz4spin  0??B?










































































































































????????????????????? 1/3, 5/9, 7/9??????
????? 1.9???????Sz  1=2?monomer???????????







????????????????????? 1/9?????? Sz6spin  0?




??????????????? Sz4spin = 1? Plaquette?????????





J2=J1  0:5? J1 J2????????????????????????
PVBC????????????????????????????????
???PVBC???? (? 4.4(a)??)?J1 J2????????-?????
(<Si Sj >)????????? PVBC??? (? 3.8??)????????
Plaquette????????????????J1 J2?????? J2????
?????????PVBC?????????????????? 1/2??










S = 1=2?????????????? SSD+DMRG??????????
?????0, 1/4, 3/8, 1/2, 3/4????????????????????



















? 5:1????????? RVB???????????? VB?????
????a;?b;?c;    ???????????RVB???????????
???????????????????????????a;?b;?c;    ?
???????????????????????????????????
???????????????????

















?????????????? 5:2(c),(d)???? Square diamond lattice ?




















  S(S + 1)

; (5.1)
??????? J? Jd? dimer-monomer?????? dimer???????
??Si? S(dj)k ? S = 1=2??????????Tk  S(d1)k + S(d2)k ?????












? 5.2: (a) ????????(b) ????????(c) Square diamond lattice?
(d) Hexagonal diamond lattice?
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5.2 ????????????
????????????? (5.1)? [H; T2k ] = 0 (T2k = Tk(Tk + 1)) ??



























  S(S + 1)

:? (5.4)
??? nd? hi???? dimer???????? dimer?????? Jd/2?
???????????? (5.2)??? dimer??????????????




Si  Tk + 1
8
Jd(4nt   3nd); (5.5)
?????????????????? Tk ? S = 1???????nt? hi












? 5.3: ????? (a):nd = 4????(b):nd = 3???
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?????????????? nt?? S = 1??????????????
???????????? Lieb-Mattis??? [92]????????????






J(nt + 1) +
1
8
















Jd(4  3nd) (J <Jd<2J; nt=1)
 3
8
Jdnd (2J <Jd; nt=0)
(5.7)
?????? Jd = 2J?? nt = 1; 0?????Jd = J?? nt  1?????
???
???????????????????????????? (5.3)???
? Jd  J ?????????????
Jd > 2J ???
hi?????? nt = 0????????????? dimer? singlet????




singlet (Tk = 0 ) dimer
free spin
? 5.4: ??????????????Jd > 2J ??? ?
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Jd < J ???












jti+14jti 23 + jti 14jti+23   jti014jti023 (5.8)








(j" iij# ij + j# iij" ij) (5.11)
jti ij = j# iij# ij (5.12)
singlet (Tk = 0 ) dimer
Tk = 1 dimer















2j" i1jti 23   j# i1jti023
i
(5.14)
etri(min) =  J + 1
8
Jd (5.15)



















































????H????????? hi? nt = 1???????????????













? 5.6: (a):??? (b):????????J <Jd<2J ??? ?
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Jd = J ???
TD???????????????????????????hi? nt  1
??????????????H??????TD????????????
???????????????????
Jd = 2J ???
















??? N ??????????????????????nd? N ????





?????????????? J < Jd < 2J ??????[H; T2k ] = 0?
[hi; T
2





1. Nt  N=2  1
2. Nt = N=2
3. Nt  N=2 + 1
Nt  N=2  1???
??? p? 1  p  N=2??????????Nt = N=2  p??????
(5.3),(5.6)???????????????????????????
E  p(2J   Jd) (5.18)
??? (5.18)????TD??? tetramer? p? singlet dimer???????
??????????????p = 1???E????????Nt  N=2 1
????????????????









E  0:5J ? (5.20)
???????





Emin = 0:6185J (5.22)
????
 tetramer??????? (nt = 1)
TD???????? tetramer????????????? 5.7(d)?????
?????????????????????????????
Emin = J (5.23)
????
Nt  N=2 + 1???
??? p? 1  p  N=2??????????Nt = N=2 + p??????
(5.3),(5.6)???????????????????????????
E  p(Jd   J) (5.24)
????Nt  N=2 + 1????????????????




(a) (b) (c) (d)
TD ?? ????? ?





Emin  Jd   J (J < Jd < 32J)
Emin = 2J   Jd (32J  Jd < 2J)
(5.26)




J  Jd < 2J ?????TD?????????????????????
5.2(c),(d)? Square diamond lattice? Hexagonal diamond lattice??????
? 5.8???? (a)?Tetramer? (b)? dimer?????????(b)? dimer
?????????dimer ploblem, domino tiling ploblem?????????
???????????????????????????????????




? 5.8: (a) Square diamond lattice?TD???b?????? dimer??
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5.4.1 Square diamond lattice
????? nm ??????????????????????????





lnNg = 0:2915609; (N = nm)? (5.27)








lnNg = 1:24645048 (5.28)
??? [95]??????????pN ?????????????? 0??





? Sauare diamond lattice?TD????????????????????
???0?8.4%?????????????
? 5.9: Horst Sachs???????????? [95]????????????
?????????
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lnNg = 0:169157? (5.29)
??? [96,97]????????????????????????? 5.10?
?????????????? k; l;m???????????N ! 1??
??
s(x; y; z) =
1
2(xy + yz + zx)
[x2 lnx+ y2 ln y + z2 ln z   (1  x)2 ln(1  x)
 (1  y)2 ln(1  y)  (1  z)2 ln(1  z)]? (5.30)
n = k + l +m; x = k=n; y = l=n; z = m=n
??? [98]???????????s(0; 1=2; 1=2) = 0?????s(1=3; 1=3; 1=3) =
0:130812????












?????????????????Jdd; Jmm << Emin????????
??????????)????????Jdd; Jmm????????????
?PVBC?????????? (RVB?)???????????? Jdd = 0?
????[H; T2k ] = 0???????????TD????????????
????RVB????????????????PVBC?????????
?????????Jdd 6= 0?? [H; T2k ] 6= 0????TD??????????
????????????????????????????????DMRG













lattice [101, 102]? Hexagonal diamond lattice [103{105]?????????
????????? [Fe(CN)6Cu(apn)3]n(ClO4)2n(H2O)4n??????? 5.12
?????Fe?Cu??????Hexagonal diamond lattice????????
?????????????Fe2+? S = 0?????????????Cu2+
?????????????????????????? Fe2+??????





? 5.12: [Fe(CN)6Cu(apn)3]n(ClO4)2n(H2O)4n????? [103]?
105
5.7 ???????????













? 5.13: dimer covering????????TD?????????
106
5.8 ??????




































???????????? (S = 1=2)?????????DMRG+SSD???
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